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Abstract :Let p ≥ 2 be a prime, and let 1/p = 0.xw−1 . . . x1x0, xi ∈ {0, 1, 2, . . . , 9}. The period
w ≥ 1 of the repeating decimal 1/p is a divisor of p − 1. This note shows that the counting
function for the number of primes with maximal period w = p − 1 has an effective lower bound
π10(x) = #{p ≤ x : ordp(10) = p − 1}  x/ log x. This is a lower bound for the number of
primes p ≤ x with a fixed primitive root 10 mod p for all large numbers x ≥ 1. An extension to
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12 The Analytic Properties of the Index 19
1 Introduction
Let p ≥ 2 be a prime. The period of the repeating decimal number
1/p = 0.xw−1 . . . x1x0, (1)
with xi ∈ {0, 1, 2, . . . , 9}, was investigated by Gauss and earlier authors centuries ago, see [2] for
a historical account, and [27] for recent developments. As discussed in Articles 14-18 in [7], the
period, denoted by ordp(10) = w ≥ 1, is a divisor of p−1. The problem of computing the densities
for the subsets of primes for which the repeating decimals have very large periods such as w = p−1,
and w = (p− 1)/r, with r ≥ 1, is a recent problem. This note considers the following results.
Theorem 1.1. There are infinitely many primes p ≥ 7 with maximal repeating decimal 1/p =
0.xp−2xp−3 · · ·x1x0, where 0 ≤ xi ≤ 9. Moreover, the primes counting function has the asymptotic
formula
π10(x) = # {p ≤ x : ordp(10) = p− 1} (2)






where δ(10) > 0 is the density, and b > 1 is a constant, for all large numbers x ≥ 1.
An extension to repeated decimal of near maximal period is provided below. Here, the parameter
r = [(Z/pZ)× : 〈u mod p〉] (3)
is the index of the subgroup 〈u mod p〉 generated by the element u 6= 0,±1.
Theorem 1.2. Let x ≥ 1 be a large number, let r ≥ 1 be a small integer, r = O(logc x), with c ≥ 0.
The number of primes p ≤ x with near maximal repeating decimal 1/p = 0.xw−1xw−2 · · ·x1x0,
where 0 ≤ xi ≤ 9, and period w = (p− 1)/r has the asymptotic formula
π10(x, r) = # {p ≤ x : ordp(10) = (p− 1)/r} (4)






where δ(10, r) > 0 is the density, and b ≥ c+ 1 is a constant, for all large numbers x ≥ 1.
The proofs and results are classified by the index r ≥ 1. The case r = 1 corresponds to repeated
decimal fractions of maximal periods, and the case r > 1 corresponds to repeated decimal fractions
of near maximal periods, (equivalently, this corresponds to primitive root). The preliminary back-
ground, notation and results are discussed in Sections 2 to 5. Section 6 presents a general result
for primitive root u 6= ±1, v2 in Theorem 6.1; and Theorem 1.1, which is a corollary of this result,
is presented in Section 7. The numerical data for index r = 1 appears in Section 8. Theorem 9.1
in Section 9 presents a general result for near primitive root u 6= ±1 , (equivalently, this corre-
sponds to near primitive root), and the proof of Theorem 1.2, which is a corollary of this result, is
assembled in Section 10. The numerical data for index r > 1 appears in Section 11. This analysis
generalizes to repeating `-adic expansions 1/p = 0.xw−1xd−2 · · ·x1x0, where 0 ≤ xi ≤ `− 1, in any
numbers system with nonsquare integer base ` ≥ 2, and index r ≥ 1.
2 Representations of the Characteristic Functions
The order of an element in the cyclic group G = F×p is defined by ordp(v) = min{k : vk ≡ 1 mod p}.
Primitive elements in this cyclic group have order p − 1 = #G. The characteristic function
Ψ : G −→ {0, 1} of primitive elements is one of the standard analytic tools employed to investigate
the various properties of primitive roots in cyclic groups G. Many equivalent representations of the
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characteristic function Ψ of primitive elements are possible. The standard characteristic function
is discussed in [17, p. 258]. It detects a primitive element by means of the divisors of p− 1.
A new representation of the characteristic function for primitive elements is developed here. It
detects the order ordp(u) | p − 1 of an element u ∈ Fp by means of the solutions of the equation
τn − u = 0 in Fp, where u, τ are constants, and n is a variable such that 1 ≤ n < p− 1.
2.1 Characteristic Function For Index r = 1
The characteristic function of primitive roots is simpler and has simpler notation.
Lemma 2.1. Let p ≥ 2 be a prime, and let τ be a primitive root mod p. Let u ∈ Fp be a nonzero






ψ ((τn − u)m) =
{
1 if ordp(u) = p− 1,
0 if ordp(u) 6= p− 1.
(5)
Proof. Let τ ∈ Fp be a fixed primitive root. As the index n ≥ 1 ranges over the integers relatively
prime to p− 1, the element τn ∈ Fp ranges over the primitive roots mod p. Ergo, the equation
τn − u = 0 (6)










1 if ordp(u) = p− 1,
0 if ordp(u) 6= p− 1.
(7)
This follows from the geometric series identity
∑
0≤n≤N−1 w
n = (wN − 1)/(w − 1), w 6= 1 applied
to the inner sum. 
2.2 Characteristic Function For Index r > 1
A more general version for elements u ∈ Z/pZ of order ordp(u) = (p−1)/r is taken up on the next
result.
Lemma 2.2. Let p ≥ 2 be a prime, and let τ be a primitive root mod p. Let u ∈ Fp be a nonzero
element, and let, ψ 6= 1 be a nonprincipal additive character of order ordψ = p. For any divisor






ψ ((τ rn − u)m) =
{
1 if ordp(u) = (p− 1)/r,
0 if ordp(u) 6= (p− 1)/r.
(8)
Proof. For any fixed divisor r | p− 1, let Tr = {τ rn : gcd(n, (p− 1)/r) = 1} ⊂ Fp be the subset of
elements of order (p− 1)/r. Accordingly, the equation
x− u = 0 (9)
has a solution x ∈ Tr if and only if the fixed element u ∈ Fp is an element of order ordp(u) =








1 if ordp(u) = (p− 1)/r,
0 if ordp(u) 6= (p− 1)/r.
(10)
This follows from the geometric series applied to the inner sum. 
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3 Estimates Of Exponential Sums
This section provides simple estimates for the exponential sums of interest in this analysis. There
are two objectives: To determine the upper bounds, proved in Theorem 3.2, and Theorem 3.3, and







rn/p + E(p), (11)
where E(p) is an error term, this is proved in Lemma 3.1 and Lemma 3.5. These are indirectly
implied by the equidistribution of the subsets
{τ rn : gcd(n, (p− 1)/r) = 1} = {bτ rn : gcd(n, (p− 1)/r) = 1} ⊂ Fp, (12)
for any 0 6= b ∈ Fp. The proofs of these results are entirely based on established results and
elementary techniques. The two cases for index r = 1 and index r > 1 are treated separately.
3.1 Incomplete And Complete Exponential Sums For Index r = 1







and its inverse are used here to derive a summation kernel function, which is almost identical to
the Dirichlet kernel.
Definition 3.1. Let p and q be primes, and let ω = ei2π/q, and ζ = ei2π/p be roots of unity. The







ωt(n−s)f(s) = f(n). (14)






where x ≤ p ≤ q. A few applications are demonstrated here.
Theorem 3.1. ([33], [21]) Let p ≥ 2 be a large prime, and let τ ∈ Fp be an element of large
multiplicative order ordp(τ) | p− 1. Then, for any b ∈ [1, p− 1], and x ≤ p− 1,∑
n≤x
ei2πbτ
n/p  p1/2 log2 p. (16)
Proof. Let q = p + o(p) be a large prime, and let f(n) = ei2πbτ
n/p, where τ is a primitive root
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 p1/2 log2 p.




 log q  log p (20)
since q = p+ o(p), and x/q ≤ 1. 
This appears to be the best possible upper bound. The above proof generalizes the sum of resolvents
method used in [21]. Here, it is reformulated as a finite Fourier transform method, which is
applicable to a wide range of functions. A similar upper bound for composite moduli p = m is also
proved, [op. cit., equation (2.29)].
Theorem 3.2. Let p ≥ 2 be a large prime, and let τ be a primitive root modulo p. Then,∑
gcd(n,p−1)=1
ei2πbτ
n/p  p1−ε (21)
for any b ∈ [1, p− 1], and any arbitrary small number ε ∈ (0, 1/2).
Proof. Let q = p + o(p) be a large prime, and let f(n) = ei2πbτ
n/p, where τ is a primitive root
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 p1/2 log3 p.




 log q  log p (26)
since q = p+ o(p), and ϕ(p)/q ≤ 1. This is restated in the simpler notation p1/2 log3 p ≤ p1−ε for
any arbitrary small number ε ∈ (0, 1/2). 
The upper bound given in Theorem 3.2 seems to be optimum. A different proof, which has a
weaker upper bound, appears in [6, Theorem 6], and related results are given in [3], [8], and [9,
Theorem 1].
3.2 Equivalent Exponential Sums For Index r = 1








is provided in Lemma 3.1. This result expresses the first exponential sum in (27) as a sum of
simpler exponential sum and an error term.








n/p +O(p1/2 log3 p), (28)
for any b ∈ [1, p− 1].
















































Densities For The Repeating Decimals Problems 7















































≤ 4q log log p
πt
, (32)





















≤ 4p1/2 log p. (33)























≤ 16q1/2(log q)(log q)(log log p)
≤ 16p1/2 log3 p,
where q = p+ o(p). 







n/p +O(p1/2 logc p), (35)
for some constant c > 0.
3.3 Finite Summation Kernels And Gaussian Sums For Index r = 1
Lemma 3.2. Let p ≥ 2 and q = p + o(p) ≥ p be large primes. Let ω = ei2π/q be a qth root of












∣∣∣∣∣∣ ≤ 2qπt .






(ii) Observe that the parameters q = p+o(p) ≥ p is prime, ω = ei2π/q, the integers t ∈ [1, p−1], and
d ≤ p− 1 ≤ q− 1. This data implies that πt/q 6= kπ with k ∈ Z, so the sine function sin(πt/q) 6= 0
is well defined. Using standard manipulations, and z/2 ≤ sin(z) < z for 0 < |z| < π/2, the last
expression becomes ∣∣∣∣ωt − ωt(x+2)1− ωt
∣∣∣∣ ≤ ∣∣∣∣ 2sin(πt/q)
∣∣∣∣ ≤ 2qπt . (36)
















∣∣∣∣∣∣ ≤ 4q log log pπt ,
where µ(k) is the Mobius function, for any fixed pair d | p− 1 and t ∈ [1, p− 1].
































(ii) Observe that the parameters q = p+o(p) ≥ p is prime, ω = ei2π/q, the integers t ∈ [1, p−1], and
d ≤ p−1 ≤ q−1. This data implies that πdt/q 6= kπ with k ∈ Z, so the sine function sin(πdt/q) 6= 0
is well defined. Using standard manipulations, and z/2 ≤ sin(z) < z for 0 < |z| < π/2, the last
expression becomes ∣∣∣∣ωdt − ωdt((p−1)/d+1)1− ωdt
∣∣∣∣ ≤ ∣∣∣∣ 2sin(πdt/q)
∣∣∣∣ ≤ 2qπdt (38)












≤ 4q log log p
πt
.
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The last inequality uses the elementary estimate
∑
d|n d
−1 ≤ 2 log log n. 
Lemma 3.4. (Gauss sums) Let p ≥ 2 and q be large primes. Let χ(t) = ei2πt/q and ψ(t) = ei2πτt/p




∣∣∣∣∣∣ ≤ 2q1/2 log q. (40)
3.4 Incomplete And Complete Exponential Sums For Index r > 1





rn/p  p1−ε (41)
for any b ∈ [1, p− 1], and any arbitrary small number ε ∈ (0, 1/2).
Proof. Similar to the proof of Theorem 3.2, mutatis mutandis. 
Related but weaker upper bound appears in [6, Theorem 6], and related results are given in [3],
[8], and [9, Theorem 1].
3.5 Equivalent Exponential Sums For Index r > 1








is provided in Lemma 3.5. This result expresses the first exponential sum in (42) as a sum of
simpler exponential sum and an error term.
Lemma 3.5. Let p ≥ 2 and q = p + o(p) ≥ p be large primes. If τ be a primitive root modulo p,







rn/p +O(p1/2 log3 p), (43)
for any b ∈ [1, p− 1].
Proof. Similar to the proof of Lemma 3.1, mutatis mutandis. 
4 Evaluations Of The Main Terms
Finite sums and products over the primes numbers occur on various problems concerned with
primitive roots. These sums and products often involve the normalized totient function ϕ(n)/n =∏
p|n(1 − 1/p) and the corresponding estimates, and the asymptotic formulas. In addition, many















Lemma 4.1. ([23, Lemma 5]) Let x ≥ 1 be a large number, and let ϕ(n) be the Euler totient
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Related discussions are given in [30, Lemma 1], [22, p. 16] and, [35]. The generalization to number
fields appears in [13].
4.1 Main Term For Index r = 1
The case q = 2 with a = 1 of Lemma 4.1 is ubiquitous in various results in Number Theory.
Lemma 4.2. ([30, Lemma 1]) Let x ≥ 1 be a large number, let li(x) be the logarithm integral,










where a1 = 0.3937 . . . is the average density, and b > 1 is an arbitrary constant, as x→∞.








= 0.3739558136 . . . . (48)
The average density of primitive roots modulo p was proved in [11] and [30], (the heuristic is due
to Artin).












where b > 1 is an arbitrary constant,










































= O (log log x) (52)
is absorbed into the error term, which has b > 1 as an arbitrary constant. 
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4.2 Main Term For Index r > 1
Lemma 4.4. Let x ≥ 1 be a large number, let li(x) be the logarithm integral, and let ϕ(n) be the
















where c ≥ 0, and b > c+ 1 are arbitrary constants, and Aq is defined in (46), as x→∞.




















































 log log x (55)
is absorbed into the error term, b > c+ 1 is an arbitrary constant, and Aq is defined in (46). 
















where b > c+ 1 is an arbitrary constant, and Aq is defined in (46).
Proof. First observe that for any divisor r | p− 1,∑
gcd(n,(p−1)/r)=1
























































where c ≥ 0 is a constant, and b > c+ 1 is an arbitrary constant. 
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This result provides the exact asymptotic order of the primes counting function
πu(x, r) = {p ≤ x : ordp(u) = (p− 1)/r} (60)






see [19], [37]. The density
δ(u, r) = lim
x→∞
{p ≤ x : ordp(u) = (p− 1)/r}
π(x)
(61)
of the subset of primes p ≥ 2 with fixed near primitive root u 6= ±1 of index r ≥ 1 has various





where a(u, r) ∈ Q is a rational correction factor. At r = 1, it reduces to the standard density
formula (86). Other descriptions are given in [37], [28], [25], et cetera. In addition, it decreases
approximately as 1/r2, and the current form of the prime number theorem for primes in the
arithmetic progressions {p = rn + a : n ≥ 1} with gcd(r, a) = 1 is restricted to r = O(logc x).
Theses data restrict the index to the small value r = O(logc x) for any constant c ≥ 0.
5 Estimate For The Error Term
The upper bounds for exponential sums over subsets of elements in finite fields Fp stated in the
last section will be used here to estimate the error terms E(x) and Er(x) arising in the proofs of
Theorem 6.1 and Theorem 9.1.
5.1 Error Term For Index r = 1
Lemma 5.1. Let p ≥ 2 be a large prime, let ψ 6= 1 be an additive character, and let τ be a












for all sufficiently large numbers x ≥ 1 and an arbitrarily small number ε < 1/2.






















































∣∣∣∣∣∣ = 1p . (66)
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This follows from the exact value
∑
0<m≤p−1 e
i2πum/p = −1 for u 6= 0. And the absolute value of
















∣∣∣∣∣∣+ p1/2 log3 p (67)
 p1−ε,
where ε < 1/2 is an arbitrarily small number, see Theorem 3.2. A related exponential sum appli-
cation appears in [26, p. 1286].





















where the number of primes in the short interval [x, 2x] is π(2x)− π(x) ≤ 2x/ log x. 
5.2 Error Term For Index r > 1
Lemma 5.2. Let p ≥ 2 be a large prime, let ψ 6= 1 be an additive character, and let τ be a

















where 1 ≤ a < q, gcd(a, q) = 1 and q = O(logc x), and r = O(logc x), with c ≥ 0 constant, for all
sufficiently large numbers x ≥ 1 and an arbitrarily small number ε < 1/2.
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i2πum/p = −1 for u 6= 0 and summation of the geometric series. The

















∣∣∣∣∣∣+ p1/2 log2 p (73)
 p1−ε,
where ε < 1/2 is an arbitrarily small number, see Theorem 3.3. Now, replace the estimates (72)




























The last finite sum over the primes is estimated using the Brun-Titchmarsh theorem; this result
states that the number of primes p = qn+ a in the interval [x, 2x] satisfies the inequality





see [16, p. 167], [15, p. 157], [20], et cetera. 
6 Result For Index r = 1
This section is concerned with a general result for the densities of primes with fixed primitive roots
and the primes counting function. The leading results on the Artin primitive root conjecture are
Hooley conditional proof in [14] for the asymptotic formula
πu(x) = # {p ≤ x : ordp(u) = p− 1} (76)
= δ(u) li(x) +O
(




and the partial results in [27] and [12].
Theorem 6.1. A fixed integer u 6= ±1, v2 is a primitive root mod p for infinitely many primes
p ≥ 2. In addition, the primes counting function has the asymptotic formula
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where δ(u) ≥ 0 is the density constant depending on the integer u 6= 0, and b > 1 is a constant,
for all large numbers x ≥ 1.
Proof. Suppose that u 6= ±1, v2 is not a primitive root for all primes p ≥ x0, with x0 ≥ 1 constant.
Let x > x0 be a large number, and consider the sum of the characteristic function
Ψ(u) =
{
1 if ordp(u) = p− 1,
0 if ordp(u) 6= p− 1,
(78)





































ψ ((τn − u)m)
= M(x) + E(x).
The main term M(x) is determined by a finite sum over the trivial additive character ψ = 1,
and the error term E(x) is determined by a finite sum over the nontrivial additive characters
ψ(t) = ei2πt/p 6= 1.
Applying Lemma 4.3 to the main term, and Lemma 5.2 to the error term yield∑
x≤p≤2x
Ψ(u) = M(x) + E(x) (81)
















where b > 1. However, δ(u) > 0 contradicts the hypothesis (79) for all sufficiently large numbers
x ≥ x0. Ergo, the short interval [x, 2x] contains primes with the fixed primitive root u. 
Information on the determination of the density δ(u) > 0 of primes, with a fixed primitive root
u 6= ±1, v2, is provided in the Section 8, and in [14, p. 220].
7 Primes With Maximal Repeated Decimals



















has the maximal period w = p − 1 if and only if 10 has order ordp(10) = p − 1 modulo p. This
follows from the Fermat little theorem and 10w − 1 = mp. The exceptions, which are known as
Abel-Wieferich primes, satisfy the congruence
10p−1 − 1 ≡ 0 mod p2, (83)
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confer [29, p. 333], [4] for other details. Further applications of the digits of the repeated decimals
to class numbers of quadratic fields are derived in [38, P. 183], [10], [26] et alii.
The result for repeating decimal of maximal period is a simple corollary of the previous result.










where b > 1 is a constant. 
The argument can be repeated for any other squarefree base u = 2, 3, . . ..
8 Numerical Data For Index r = 1
In the 1950’s the Lehmers used contemporary super computer technology to study the density of
primes p ≤ 20000 and the associated primitive roots. They discovered that the average density a1
does not hold for every fixed primitive root u modulo p, a historical survey appears in [32], and
the advanced theory involved in the correction appears in [18] and related references. A numerical
experiment was conducted to demonstrates this phenomenon. The numerical experiment employed
π(x) = 1000000 primes for each fixed primitive root u ∈ {2, 3, 5, 6, 7, 8, 10}.
In the case of a decimal base u = 10, the the constant δ(10) is the same as the average density







= 0.3739558136192022880547280 . . . . (85)
This numerical value was computed in [36]. And the corrected densities for other u ∈ {2, 3, 5, 6, 7, 8, 10}
were computed with formula proved in
[14, p. 220]. This formula specifies the density as follows. Let u = (st2)k 6= ±1, v2 with s













1. If s 6≡ 1 mod 4, then,
δ(u) = ak(u). (87)











p2 − p− 1
 ak(u). (88)
As illustrated in Table 1, the error rate is within the optimum predicted range
R1(x) =
∣∣∣∣πu(x)− δ(u) xlog x
∣∣∣∣ = O (x1/2 log x) . (89)
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Table 1: Statistics For Primes And Primitive Roots, π(x) = 106
Root Density Actual Prediction Error
u δ(u) πu(x) δ(u)
x
log x R1(x)
2 a1 374023 373955.8 67.2
3 a1 373959 373955.8 −16.8
5 20a119 393815 393637.7 177.3
6 a1 374346 373955.8 390.2
7 a1 374118 373955.8 162.2
8 3a15 224404 224373.5 30.5
10 a1 374125 373955.8 169.2
9 Result For Index r > 1
This section is concerned with a general result for the densities of primes with fixed near primitive
roots, and the primes counting function. For any index r > 1, the leading results are the various
forms of the conditional asymptotic formula
πu(x, r) = # {p ≤ x : ordp(u) = (p− 1)/r} (90)






and the density δ(u, r), proved by [19], [37], and [28].
Theorem 9.1. Let x ≥ 1 be a large number, and let r = O(logc x). A fixed integer u 6= ±1 is
a near primitive root mod p of index r for infinitely many primes p ≥ 2. In addition, the primes
counting function has the asymptotic formula






where b > c + 1 and c ≥ 0 are constants, δ(u, r) ≥ 0 is the density depending on the integer
u 6= 0,±1, and r ≥ 1, for all large numbers x ≥ 1.
Proof. Suppose that u 6= ±1 is not an element of order w = ordp(u) = (p− 1)/r modulo p for all
primes p ≥ x0, with x0 ≥ 1 constant. Let x > x0 be a large number, and consider the sum of the
index r characteristic function
Ψr(u) =
{
1 if ordp(u) = (p− 1)/r,
0 if ordp(u) 6= (p− 1)/r,
(92)
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ψ ((τ rn − u)m)
= Mr(x) + Er(x).
The main term Mr(x) is determined by a finite sum over the trivial additive character ψ = 1,
and the error term Er(x) is determined by a finite sum over the nontrivial additive characters
ψ(t) = ei2πt/p 6= 1.































Since δ(u, r) ≥ Ar/rϕ(r) > 0 for almost every fixed pair u and r ≥ 1, this contradicts the hypothesis
(93) for any δ(u, r) > 0, and all sufficiently large numbers x ≥ x0. Ergo, the short interval [x, 2x]
contains primes such that the fixed element u has order w = ordp(u) = (p− 1)/r modulo p 
For example, δ(10, r) > 0 for all r ≥ 1, see Section 9 for the actual calculations. The only exception
is δ(u, r) = 0 for any pair r = 2a+ 1 ≥ 1 and u = 4b+ 2 ≥ 2, see [19], [37], [28, Table 1], and [24].
10 Primes With Near Maximal Repeated Decimals
Let p ≥ 2 be a prime, and let r | p − 1 be a proper divisor. The repeating decimal fractions



















Clearly, the near maximal period w = (p−1)/r occur if and only if 10 has order ordp(10) = (p−1)/r
modulo p. This follows from the Fermat little theorem and 10w−1 = mp. The result for repeating
decimal of near maximal period is a simple corollary of the previous result.
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where b > c+ 1 and c ≥ 0 are constants for all large number x ≥ 1. 
11 Numerical Data For Index r > 1
There are very few numerical results for the density of primes with fixed near primitive roots, the
data in Table 1 in [37] for δ(2, r), where r ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, and π(x) = 9592, is the only
one available in the literature. A numerical experiment was conducted to extend this calculation
to δ(10, r). The numerical experiment employed π(x) = 1000000 primes for the near primitive root
u = 10 and index r ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}.
For the integer u = 10, and r ≥ 1, the density has the precise form
δ(u, r) =
 E(r)a1 if 4 - r,(1−B(r)/3)E(r)a1 if 4 || r,
(1 +B(r))E(r)a1 if 8 | r,
(98)















p2 − p− 1
. (99)







p2 − p− 1
, (100)
and the rational correction factor a(u, r) ∈ Q is not random, see (98). The density δ(u, r) =
a(u, r)Ar/(rϕ(r)) ≥ 0, where a(u, r) ∈ Q is rational, of primes with a fixed near primitive root
u 6= ±1 has a complicated structure depending on both integers u 6= ±1 and r ≥ 1. The properties
of these constants were investigated by [19], [37], [28], [24], and [25].
As illustrated in Table 2, the error rate is within the optimum predicted range
Rr(x) =
∣∣∣∣πu(x, r)− δ(u, r) xlog x
∣∣∣∣ = O (x1/2 log x) . (101)
12 The Analytic Properties of the Index
Given a large number x ≥ 1, a prime p ≤ x, and an integer u 6= 0,±1, the average index
r = [(Z/pZ)× : 〈u mod p〉] is expected to satisfies
r = cu log x+ o(log x), (102)
where cu > 0 is a constant depending on the integer u. Currently, this is an open problem. An













where au is a density constant, see [31, Theorem 1]. Some of the recent analytic results for the
index r ≥ 1 are investigated in [5], [1], et alii.
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Table 2: Statistics For Primes And Near Primitive Roots, π(x) = 106
Index Density Actual Prediction Error
r δ(u, r) πu(x, r) δ(u, r)
x
log x Rr(x)
1 a1 374125 373955.8 169.2
2 3a14 280267 280467.00 −199.86
3 8a145 66487 66481.00 5.97
4 29a152 71297 70116.7 −49.83
5 24a1475 18879 18894.60 −15.61
6 2a115 49894 49860.80 33.22
7 48a12009 8827 8934.73 −107.73
8 27a1608 16761 16606.6 154.41
9 8a1405 7409 7386.78 22.22
10 18a1475 14305 14171.00 134.04
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